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(Takao Watanabe) ( )
2 [G-P], [G-P 2] .
1. Orthogonal groups.
section $k$ $\mathrm{c}\mathrm{h}(k)\neq 2$ .
$V$ } $k$- , $B:V\mathrm{x}Varrow k$ – . $V$ Witt
$V=X\oplus V_{\mathrm{O}}\oplus \mathrm{Y}$, $\{$
$X,$ $\mathrm{Y}\}3$;maxmal totally isotropic subspaces
$V_{\mathrm{O}}\}\mathrm{f}$ anisotropic subspace
,
$X=<e_{1},$ $\cdots,$ $e_{d}>$ , $V_{\mathrm{O}}=<f_{1},$ $\cdots,$ $f_{n_{\mathrm{O}}}>$ , $Y=<e_{1}’,$ $\cdots,$ $e_{d}’>$
$B(e_{i}, e_{j})=B(e_{i}’.e_{j}^{;})=0$ , $B(e_{i}, e_{j}’)=\delta_{ij}$





(1) $d(V)=(-1)^{1}n/2]\det(J_{B})k\mathrm{x}^{2}\in k^{\cross}/k^{\cross^{2}}$ discriminant .
(2) $\dim V_{0}\leq 2$ (resp. $\dim V_{0}\leq 1$) $V$ quasi-split (resp. split) .
[ ]
(1) $k=\mathrm{C}$ , $B$ split
(V, $B$ ) $\cong(V’, B’)$ $\Leftrightarrow$ $\dim V=\dim V’$
(2) $k=\mathrm{R}$ , $B$ .
$B\sim$
(V, $B$) $\cong(V’, B’)$ $\Leftrightarrow$ $\dim V=\mathrm{d}\mathrm{i}\mathrm{I}\mathrm{n}V’,$ $(p, q)=(p’, q^{J})$
(3) $k$ , $B$ quasi-split
(V, $B$) $\cong(V’, B’)$ $\Leftrightarrow$ $\dim V=\dim V’$ , $d(V)=d(V’)$
(4) $k$ , $\dim V_{0}\leq 4$ . $(, )_{k}$ : $k^{\cross}\mathrm{x}k^{\cross}arrow\{\pm 1\}$ Hilbert symbol
$e(V)= \prod_{i<j}(a_{i}, a_{j})_{k}$
(Hasse invariant)
(V, $B$) $\cong(V’, B’)$ $\Leftrightarrow$ $\dim V=\dim V’$ , $d(V)=d(V’)$ , $e(V)=e(V’)$
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(5) $k$ , $a,$ $b\in k^{\cross}$ ,




$k\oplus k$ $(a\in k^{\mathrm{x}^{2}})$
’
. $\dim E=2,$ $d(Q(a, b))=ak^{\mathrm{x}}2$ , 2 quadratic space $Q(a, b)$
.
$Q(a, b)\cong Q(b)\oplus Q(-ab)$





$V_{f}=<e_{T}+1,$ $\cdots,$ $e_{d}>\oplus<f_{1},$ $\cdots,$ $f_{n\mathrm{o}}\succ\oplus<e_{r+}’1’\ldots,$ $e_{d\mathrm{r}}’>=X\oplus V_{\mathrm{O}}\oplus \mathrm{Y}_{\Gamma}$
$V_{f}^{\perp}=<e_{1},$
$\cdots,$ $e_{f}>\oplus<e_{1}’,$ $\cdots,$ $e_{\Gamma}’>=X^{r}\oplus Y^{f}$
$SO(V_{\tau}, B|_{VV_{\mathcal{T}}}\mathrm{r}\cross)=so(V_{f})arrow SO(V)$ : $\mapsto$
$GL(X^{r})arrow SO(V):\delta[]arrow$
.
$p_{\mathrm{r}So_{(V}}=\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{b}())X^{\Gamma}=M,$ $\ltimes N_{f}$ , (a maximal parabolic subgroup)
$M,$ $=\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{b}_{S}o(V)(V_{\Gamma}\perp)=GL(X^{r})\cross SO(V_{\Gamma})$ , (a Levi subgroup of $P,$ )
$N_{r}=\{$ ( $1_{d^{*}-r}$ $1_{n_{\mathrm{O}}}^{*}$ $1_{\Gamma}^{*}***$ $1_{d^{*}-r})\in SO(V)\}$ , (the unipotent radical of $P_{f}$ )
. $N_{f}$ .
$N_{f}^{de}’=[N,, N,]=\{n,(c)=$ : $C\in \mathrm{A}\mathrm{l}\mathrm{t},$ $\}\cong x^{r_{\wedge \mathrm{Y}}}$’
$N_{r}/N_{\Gamma}der=\{\overline{n}_{r}(A, B, D)=N_{r}^{d\mathrm{e}}’$ : $A,D\in M_{\mathrm{r},d}B\in M_{\Gamma},n\mathrm{o}-\Gamma^{\backslash }.|\cong X^{f}\otimes V_{1}$
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$N_{r}$ $M_{f}$
$(\delta g)n,(c)(\delta g)-1=n_{f}(\delta C^{t}\delta)$
$(\delta\in GL(X^{T}), g\in SO(V_{f}))$
$(\delta g)\overline{n}_{\Gamma}(A, B, D)(\delta g)^{-1}=\overline{n},(\delta(A, B,D)\mathit{9}^{-1})$
’
.
$\Delta_{r}=\{$$Q,$ $=\{\in GL(Y)-\}$ , $\in GL(X^{r})\}$
.
2. Relevant pairs.
(V, $B$) Section 1 .
Definition.
(V, $W$) $?)^{\theta}>$ relevant pair $\text{ }1\mathrm{h}$
(i) $W$ $V$ $B|w\cross w$ non-degenerate
(ii) $W^{\perp}$ $W$ , $\dim W^{\perp}$ ($=2r+1$ ) ($W^{\perp}.’.B|_{W}\perp_{\mathrm{x}}W^{\perp)}$
split . . .




$\cdots,$ $e,$. $>\oplus Q(\beta)\oplus<e_{1}’,$ $\cdots,$ $e_{r}’>$ , $(\beta=d(W^{\perp}))$
$W=(W^{\perp})^{\perp}\subset(\mathrm{x}^{\tau_{\oplus}}Y’)\perp V=$,
$SO(W, B|_{WW}\cross)=SO(W)arrow SO(V_{\mathrm{r}})\subset M_{f}\subset P_{f}$
. triple $(G, H,\ell)$
$G=SO(V)\cross SO(W)$
$H=(\Delta, \cross So(W))\ltimes Nrarrow G:h=\delta \mathit{9}^{n}\text{ }arrow(h,g)$




$\ell_{W}$ : $V_{f}arrow V_{f}/Warrow k$ :alinear $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}\not\equiv \mathrm{O}$
$\ell_{1}$ : $X^{T}arrow X^{\Gamma}/<e_{1},$ $\cdots$ , $e_{\tau-1}>\cong<e,$ $>arrow k$ : alinear $\mathrm{f}\mathrm{i}\mathrm{m}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}$ ] $\not\equiv \mathrm{O}$
,
$\ell’$ : $N_{r}arrow N_{f}/N_{\tau}^{a_{e\Gamma}}\cong X^{f}\otimes V_{f}arrow p_{1}\emptyset\ell_{W}k$
$\ell’$ .
$\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{b}_{M_{T}}(P’)=\{m\in M, : \ell’(mnm-1)=P’(n) (^{\forall}n\in N_{r})\}=Q_{f}\cross SO(W)$
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. $\ell’$ $(Q_{\mathrm{r}^{\mathrm{X}s}}o(W))\ltimes Nf$ .
$p_{r}$ : $\Delta_{\mathrm{r}}arrow k$ :a nondegenerate morphism ( $\ell(\delta)=\delta_{12}+\cdots+\delta_{r-1}$ , )
$\ell:H=(\Delta_{\Gamma}\cross SO(W)\rangle\ltimes N_{f}arrow k:\ell(\delta gn)’=\ell,(\delta)+\ell’(n)$
.
Lemma.
$(H, \ell)$ $SO(V)$ (V $W$) . ($p_{W},$ $\ell_{1},\ell_{\mathrm{r}}$ )
[ ]
(1) $V,$ $W$ quasi-split $d(V)=ak^{\mathrm{X}^{2}},$ $d(W)=bk^{\mathrm{x}}2$ relevant pair (V, $W$)
.
(QS-1, $a=1$) $:\dim V=2d,$ $\dim W=2(d-r-1)+1$
$\{$
$V=<e_{1},$ $\cdots,$ $e_{d}>\oplus<e_{1}’,$ $\cdots,$ $e_{d}’>$
$W=<e_{f+1},$ $\cdots,$ $e_{d-1}>\oplus Q(b)\oplus<e_{--}’1’\ldots,$ $e_{d-1}’>$ ,
$W^{\perp}=<e_{1},$
$\cdots,$
$e_{f}>\oplus Q(-b)\oplus<e_{1};,$ $\cdots,$ $e_{f}’>$
$Q( \pm b)=<\frac{1}{2}(e_{d}\pm be_{d}’)>$
(QS-1, $a\neq 1$ ) $:\dim V=2d+2,$ $\dim W=2(d-r)+1$
$\{$
$V=<e_{1},$ $\cdots,$ $e_{d}>\oplus Q(a, b)\oplus<e_{1}’,$ $\cdots,$ $e_{d}’>$
$Q(a, b)=Q(-ab)\oplus Q(b)$





(QS-2, $b=1$)$:\dim V=2d+1,$ $\dim W=2(d-r)$
$\{$
$V=<e_{1},$ $\cdots,$ $e_{d}>\oplus Q(a)\oplus<e_{1}’,$ $\cdots,$ $e_{d}’>$
$W=<*+1,$ $\cdots,$ $ed>\oplus<e’+\Gamma 1’\ldots,$ $e_{d}’>$ ,
$W^{\perp}=<e_{1},$
$\cdots,$
$ef>\oplus Q(a)\oplus<e_{1}’,$ $\cdots,$ $e_{d}’>$
$Q(a)=<f1>$
(QS-2, $b\neq 1$ ) $:\dim V=2d+1,$ $\dim W=2(d-r-1)+2$
$\{$
$V=<e_{1},$ $\cdots,$ $e_{d}>\oplus Q(a)\oplus<e_{1}’,$ $\cdots,$ $e_{d}’>$ $Q(b, a)=Q(-ab)\oplus Q(a)$




$e_{f}>\oplus Q(ab)\oplus<e_{1}’,$ $\cdots,$ $e_{d}’>$
(2) (1) $\dim W\leq 1$ , $SO(W)=1,$ $r=d$
$H=\Delta_{d}N_{d}$
$SO(V)$ maximal unipotent subgroup ( $U_{V}$ ) . $P$ $U_{V}$ nonde-
generate morphism $\ell u_{V}$ .
(3) (1) (V, $W$) relevant pair .
(V, $W$) $(G, H,\ell)$
$(z_{e}, Q(d(z_{O})))$ $(Z_{o}, 0)$ $(SO(Ze), UZ_{e},\ell Uz_{e})$ $(SO(z_{o}), U_{Z}\ell_{U})\mathit{0}’ Z_{\Phi}$
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$U=U_{Z_{e}}\cross U_{Z_{\mathrm{o}}}$ a maximal unipotent subgroup of $G$
$\ell_{\mathrm{O}}=\ell_{U_{Z_{e}}}\otimes\ell_{U_{Z_{\mathrm{O}}}}$ : $Uarrow k$ : a nondegenerate morphism
.
Lemma.
(V, $W$) quasi-split relevant pair , $H$ $G$ spherical subgroup .
, $k$ , additive character $\psi:karrow \mathrm{C}^{1},$ $(\psi\not\equiv 1)$ . , relevant
pair (V, $W$) $G,$ $H$ character $\theta=\psi\circ\ell:Harrow \mathrm{C}^{1}$ .
(V, $W$) quasi-split , $\hat{U}$ $U$ nondegenerate character ,
$T$ $G$
maximal torus . $T$ $\hat{U}$ . $\hat{U}/T$
$\hat{U}$ T-orbit .
, $\theta_{0=}\psi\circ$ \ell $T$-orbit $\theta_{\mathrm{O}}^{T}$ .
Proposition.
(V, $W$) quasi-split relevant pair $\dim Z$ $\geq 4$ , $\hat{U}/T$ 1 $N_{E/k(E^{\cross}}$ )
$/(k^{\cross})^{2}$ principal
homogeneous space . $E=k[x]/(X^{2}-d(z_{6}))$ .
Definition.
(V, $W$) relevant pair , $(G, H, \theta=\psi \mathrm{o}P)$ triple . $G$
$(\pi, V_{\pi})$
$\mathrm{H}\mathrm{o}\mathrm{m}_{H}(\pi, \theta)=$ { $\eta$ : $Varrow \mathrm{C}$ confiouous linear functional: $\eta(\pi(h)v)=\theta(h)\eta(v)$
$(^{\forall}h\in H)$ }
. (V, $W$) quasi-split ,
$\mathrm{H}\mathrm{o}\mathrm{m}_{U}(\pi, \theta_{0})=$ { $\eta$ : $V_{\pi}arrow \mathrm{C}$ confinuous lineat functional: $\eta(\pi(u)v)$.
$=\theta_{0}(u)\eta(v)$ $(^{\forall}u\in U)$}
. $k$ archim\’eean $(\pi, V_{\pi})$ Casselman -Wallach smooth
Frechet representation of moderate growth .
(Ginzburg, Piatetski-Shapiro and Rallis)
$k$ nonarchimedean, (V, $W$) quasi-split $\pi$ $\dim \mathrm{H}\mathrm{o}\mathrm{m}H(\pi, \theta)\leq 1$
(Shalika)
(V, $W$) quasi-split $\pi$ $\dim \mathrm{H}\mathrm{o}\mathrm{m}U(\pi, \theta_{0})\leq 1$




$k$ We , $W_{k}’=W_{k}\ltimes \mathrm{C}$ Weil-Deligne .
Quasi-split relevant pair (V, $W$) , triple $(G, H, \theta)$ .
$G$ F $LG$
. 40$l_{arrow}^{arrow}t3$:
[ $so_{2d}(\mathrm{c}_{)a-}\cross sn(’)(\mathrm{c})$ (QS-1, $a=1$)
$\iota_{G=}\{$
$O_{2d+2}(\mathrm{C})\cross SP2(d-r)(\mathrm{C})$ (Q&l, $a\neq 1$)
$Sp_{2d}(\mathrm{C})\cross So_{2(d-}f)(\mathrm{c}_{)}$ (QS-2, $b=1$)






, $k(\sqrt{D})/k$ character $\omega_{D}$ . i.e.
$\omega_{D}$ : $W_{k}arrow\{\pm 1\}$ , $\mathrm{k}\mathrm{e}\mathrm{r}\omega_{D}=W_{k}\cap \mathrm{G}\mathrm{a}1(\overline{k}/k(\sqrt{D}))$
Definition.
$\varphi:W_{k}’arrow LG$ 3 .
(i) $\varphi$ $\mathrm{G}\mathrm{a}1(\overline{k}/k)$ -compatible, i.e. $\det\varphi((a, w))=\omega D(w)$ $(^{\forall}(a, w)\in W_{k})$ .
(\"u) $\varphi(\mathrm{C})$ $LG$ unipotent .
(i\"u) $\varphi(W_{k})$ $LG$ semisimple .
$\varphi\sim\varphi’$ $\Leftrightarrow$ $\exists_{g\in^{L}G^{0}}$ st. $\varphi(w’)=g\varphi’(w’)_{\mathit{9}}-1$ $(^{\forall}w^{\prime r}\in W_{k})$




$C_{\varphi}=\{g\in^{L}G^{)} : g\varphi(w’)=\varphi(w’)\mathit{9} (^{\forall_{w}}’\in W_{k}’)\}$
$A_{\varphi}=\pi_{0}(c_{\varphi})=c_{\varphi}/c_{\varphi}^{\mathrm{o}}$ : $C_{\varphi}$
$\hat{A}_{\varphi}=$ { $\chi:A_{\varphi}$ }/\sim , $x\sim x’\Leftrightarrow\exists_{\mathit{9}}\in C_{\varphi}$ $\mathrm{s}.\mathrm{t}$ . $x(\mathit{9}^{a}\mathit{9}^{-1})=\chi’(a)$ $(^{\forall}a\in A_{\varphi})$
,
$\Phi_{puf\mathrm{e}}(LG)=\{(\varphi, \chi):\varphi\in\Phi(^{L}G), x\in\hat{A}_{\varphi}\}$




( $[\mathrm{G}-\mathrm{P}$ , Corollary 66and 7 $7|$ ) $\hat{A}_{\varphi}=\mathrm{H}_{\mathrm{o}\mathrm{m}}(A\varphi’\{\pm 1\})$ .
Definition.
2 quadratic space $V$ , W
$\dim V_{\alpha}=\dim V$, $\dim W_{\alpha}=\dim W$, $d(V_{\alpha})=d(V)$ , $d(W_{\alpha})=d(W)$
, $c_{\alpha}=SO(V_{\alpha})\cross so(W_{\alpha})$
.
$G$ pure inner form .
Remark.
(1) Pure inner form $k$- Galois cohomology
$H^{1}(k, G)\cong H^{1}(k, So(V))\cross H^{1}(k, So(W))\cong\{\pm 1\}\cross\{\pm 1\}$
1 1 . Pure inner form quasi-sphit $G$ .
(2) $(V_{\alpha}, W_{\alpha})$ relevant p . $k$
$(V_{\alpha}, W_{\alpha})h^{\dot{1}}$ relevant pair $\Leftrightarrow$ $\frac{e(V_{\alpha})}{e(V)}=\frac{e(W_{\alpha})}{e(W)}$
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( $[\mathrm{G}-\mathrm{P}2$, Proposition 8.4]).
$(V_{\alpha}, W_{\alpha})$ relevant pair , triple $(G_{a\alpha\alpha}, H, \theta)$ .
$\Pi(G_{\alpha})=$ {G }, $\Pi(G/k)=$ I $\Pi(G_{\alpha})$
$\alpha\in H^{1}(k,G)$





$\pi\in\Pi_{\varphi}(G\sum_{)}\mathrm{d}\mathrm{i}.\mathrm{m}\mathrm{H}\mathrm{o}\mathrm{m}_{U}(\pi, \theta 0)\leq 1$
. $T$-orbit $\theta_{\mathrm{O}}^{T}\in\hat{U}/T$ .
( 1 $\varphi$ generic )
(2) Ad: $LGarrow \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{L}\mathrm{i}\mathrm{e}(^{L}G\mathrm{o}))$ adjoint





(i) $\varphi\in\Phi(^{L}G)$ , $\mathrm{n}_{\varphi}=\{\pi(\varphi, \chi):x\in\hat{A}_{\varphi}\}$ . (i.e. Langlands &packet consistent)
(\"u) $\varphi\in\Phi(^{L}G)$ generic , $\chi 0\in\hat{A}_{\varphi}$ trivial character $\pi(\varphi, \chi_{0})$ $\Pi_{\varphi}(G)$ $.\theta_{0}-\mathrm{g}.\mathrm{e}.\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{i}_{\mathrm{C}}$..




$\mathrm{H}\mathrm{o}\mathrm{m}_{H_{\circ}}(\pi, \theta_{\alpha})$ $((V_{\alpha}, W_{\alpha})$ relevant p r )








$\varphi$ generic , $\Pi_{\varphi}$ $\pi_{1}$ din $L(\pi_{1})=1$ – . Conjecture
2 $\hat{A}_{\varphi}arrow\Pi_{\varphi}$ $\pi_{1}=\pi(\varphi, x_{1})$ , $\chi_{1}$ .
$LG$ symplectic , $LG=S_{P}(M_{1})\cross o(M2)$ . $M_{1},$ $M_{2}$
$\mathrm{C}$-\wedge .
$\varphi=\varphi_{1}\mathrm{x}\varphi_{2}$ : $W_{k}’arrow Sp(M_{1})\mathrm{x}o(M2)$
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, symplectic
$\overline{\varphi}=\varphi_{1}\otimes\varphi_{2}$ : $W_{k}’arrow s_{P()}M_{1}\cross O(M_{2})arrow Sp(M_{1}\otimes M_{2})$
. $\gamma=(\gamma_{1}, \gamma_{2})\in C_{\varphi}$ $A_{\varphi}$ involution
$M_{1}\otimes M_{2}(\gamma, -1)=M_{1}\otimes M_{2}$ $\gamma$ $-1$
$M_{i}(\gamma_{i}, -1)=M_{i}$ $\gamma_{i}$ $-1$ $(i=1,2)$
,
$\varphi^{\neg}=(\overline{\varphi}, M_{1}\otimes M_{2}(\gamma, -1))$ , $\varphi_{i}^{\gamma}=(\varphi_{i}, M_{i}(\gamma_{i}, -1))$ $(i=1,2)$
.
$W_{k}’arrow W_{k}arrow W_{k}/[W_{k}, W_{k}]\cong k^{\mathrm{X}}$
$-1\in k^{\cross}$ $W_{k}’$ $W_{-1}$ – . $\chi_{1}$ : $A_{\varphi}arrow\{\pm 1\}$
$\chi_{1}(\gamma)=\mathit{6}(\varphi)\neg\det(\varphi 2(w_{-1}))^{\mathrm{d}:\mathrm{m}}(\varphi^{\gamma}1)/2\det(\varphi_{2}(w_{-}1))\dim\varphi 1/\gamma 2$
. $\epsilon(\overline{\varphi}^{\gamma})\in\{\pm 1\}$ $\overline{\varphi}^{\gamma}$ local constant . ([G-P, Proposition 95]).
Conjecture $4([\mathrm{G}-\mathrm{P}2])$
$\varphi$ generic $\dim L(\pi(\varphi, x1))=1$ .
$GL(2)$ .
Conjecture 3, 4 .. $\dim V=3$. $\dim V=4$ d $W=1$
$\dim V=4$ $\dim W-arrow 3$ Conjecture 3 .
Remark.
(1) $\pi(\varphi, x_{1})\in\Pi_{\varphi}(G_{\alpha})$ G . Kottwitz duality
$H^{1}(k, G)\cross\pi_{0}(Z(^{L}c^{\mathrm{o}})^{\mathrm{G}\mathrm{a}1}(\overline{k}/k))arrow \mathrm{Q}/\mathrm{Z}$ , $\pi_{\mathrm{O}}(Z(LG\mathrm{O})^{\mathrm{G}\mathrm{a}}1(\overline{k}/k))arrow\pi_{0}(c_{\varphi})=A_{\varphi}$
$\chi_{1}\in\hat{A}_{\varphi}$ $H^{1}(k, G)$ $\alpha$ .
$(V_{\alpha}, W_{\alpha})$ , $\{$
$\dim V_{\alpha}=\dim V$, $d(V_{\alpha})=d(V)$ , $e(V_{\alpha})=x1(-1_{V}, 1w)e(V)$
$\dim W_{\alpha}=\dim W,$ $d(W_{\alpha})=d(W),$ $e(W_{\alpha})=\chi_{1}(1_{V}, -1_{W})e(W)$
.




(2) $\dim W^{\perp}=1$ (i.e. $r=0$) . $(V_{\alpha}, W_{\alpha})$ relevant pair $H_{\alpha}=SO(W_{\alpha})arrow$
$G_{\alpha}=SO(V_{\alpha})\cross SO(W_{\alpha})$ diagonal embedding $\theta_{\alpha}\equiv 1$ . $\pi=\sigma_{1}\mathrm{x}\sigma_{2}\in\Pi(G_{\alpha})=$
$\Pi(SO(V\alpha))\mathrm{x}\Pi(so(W_{\alpha}))$
$L(\pi)=\mathrm{H}\mathrm{o}\mathrm{m}_{H\text{ }}(\pi, \theta_{\alpha})\cong \mathrm{H}\mathrm{o}\mathrm{m}_{H\text{ }}(\sigma 1, \sigma_{2}^{\mathrm{v}})$, ( $\sigma_{2}^{\vee}$ $\sigma_{2}$ )
214
$L(\pi)$ \mbox{\boldmath $\sigma$}1|H , Conjecture 3, 4
$\mathrm{H}\mathrm{o}\mathrm{m}_{U}(\pi_{\mathrm{o}}, \theta 0)\neq\{\mathrm{o}\}$ $\Rightarrow \mathrm{H}\mathrm{o}\mathrm{m}_{H_{\alpha}}(\pi 1, \theta_{\alpha})\neq\{\mathrm{o}\}$
.
4. The global conjecture
section $k$ global field . (V, $W$) $\dim W\perp=1$ relevant pair .
triple $(G, H,\ell)$ . Remark (2)
$H=SO(W)arrow G=SO(V)\cross SO(W)$ :diagonal emb\’eding
$\ell\equiv 0$
. $k$ $v$ , $G_{v}=G(k_{v}),$ $H=H(vk_{v})$ . A $k$ , $G(\mathrm{A})$ ,
$H(\mathrm{A})$ .
$k$ (conjectural) Langlands group $L_{k}$ , $G$ obaJ tempered Langlands parameter
$\varphi=\varphi_{1}\mathrm{x}\varphi_{2}$ : $L_{k}arrow LG=Sp(M_{1})\mathrm{x}O(M2)$
. $v$ , $\varphi$ local tempered Langlands parameter
$\varphi_{v}$ : $W_{k_{v}}’arrow LG=s_{p}(M1)\mathrm{x}O(M2\rangle$
. $\varphi_{v}$ local Vogan&packet $\Pi_{\varphi_{v}}$ . $v$ .
(i) $\varphi_{v}\mathfrak{l}3$: generic
(ii) Conjecture 3 $\pi_{V}\in\Pi_{\varphi_{v}}$ m $L(\pi_{v})=1$ , $\pi_{v}\in\Pi_{\varphi_{v}}(G_{v})$
$\pi=\otimes_{v}’\pi_{v}$ $G(\mathrm{A})$ admissible
$\mathrm{H}_{\mathrm{o}\mathrm{m}_{H()}}\mathrm{A}(\pi, \mathrm{C})\cong\otimes vL(\pi_{v})\cong \mathrm{C}$
. $\varphi$ , $C_{\varphi},$ $A_{\varphi},\overline{\varphi}$ local . $A_{\varphi}$
involution $\gamma\in C_{\varphi}$ , $\overline{\varphi}^{\gamma}=(\overline{\varphi}, M_{1}\otimes M_{2}(\gamma, -1))$ $\overline{\varphi}$ symplectic ,





$\gamma C_{\varphi}^{0}\in A_{\varphi}$ $\epsilon(\overline{\varphi}^{\gamma})=1$
. $\pi$ $G(\mathrm{A})$ discrete multiplicity 1 .
$\pi$ , $G(\mathrm{A})$ . $f\in\pi$ ,
$\ell_{H}(f)=\int_{H\backslash H(\mathrm{A}})hf(h)d$
. ($\pi$ cuspidal ). $\ell_{H}$ $0$ ,
1 $\mathrm{H}\mathrm{o}\mathrm{m}_{H(\mathrm{A}}$ ) $(\pi, \mathrm{c})$ .
Conjecture 6 $([\mathrm{G}-\mathrm{P}])$
$\ell_{H}\not\equiv 0$ $L(1/2,\overline{\varphi})\neq 0$
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